Abstract. We show that for almost every ergodic S{integer dynamical system the radius of convergence of the dynamical zeta function is no larger than exp(? 1 2 htop) < 1. In the arithmetic case almost every zeta function is irrational.
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Abstract. We show that for almost every ergodic S{integer dynamical system the radius of convergence of the dynamical zeta function is no larger than exp(? 1 2 htop) < 1. In the arithmetic case almost every zeta function is irrational.
We conjecture that for almost every ergodic S{integer dynamical system the radius of convergence of the zeta function is exactly exp(?htop) < 1 and the zeta function is irrational.
In an important geometric case (the S{integer systems corresponding to isometric extensions of the full p{shift or, more generally, linear algebraic cellular automata on the full p{shift) we show that the conjecture holds with the possible exception of at most two primes p.
Finally we explicitly describe the structure of S{integer dynamical systems as isometric extensions of (quasi{)hyperbolic dynamical systems.
1. Introduction The S{integer dynamical systems were introduced in 3], and the question of typical behaviour for one family of these systems was considered in 12]. We rst describe them: a complete description with references and examples is in 3]. They are an arithmetically natural class of isometric extensions of familiar maps like toral endomorphisms or algebraic cellular automata. Let k be an A { eld (that is, an algebraic number eld or a rational function eld with positive characteristic) with set of places P(k) and in nite places P 1 (k), let S P(k)nP 1 (k) be a set of nite places, let R S = fx 2 k j jxj 1 for all = 2 S P 1 (k)g be the associated ring of S{integers, and let be any element of R S nf0g. Then the continuous endomorphism = (k;S; ) of the compact abelian group X = X (k;S) = c R S dual to the monomorphism x 7 ! x of R S is the S{integer dynamical system associated to the data k; S; . The number of points with period n under is given by f n ( ) = Y 2S P1(k) j n ? 1j (1) Date: April 11 1997 April 11 . 1991 Mathematics Subject Classi cation. 22D40, 58F20. The author gratefully acknowledges support from the Royal Society and the London Mathematical Society, and the hospitality of the Erwin Schr odinger Institute in Vienna where this work was completed. 1 so long as is not a root of unity in k (see Section 5 of 3] ; this condition is equivalent to ergodicity for ). Since f n is nite for all n, the dynamical zeta function of , (s) = exp
f n s n n is a well{de ned formal series. In fact simple estimates (see Section 6 of 3]) show that the radius of convergence of the zeta function lies in (0; 1] for any S{integer system.
The topological entropy of is found in 3], h top ( ) = X 2S P1(k) log + j j :
From the complete description of the set of places of an A { eld in Chapter III, Section 1 of 13], the set P(k) is countably in nite and the set P 1 (k) is nite.
Given 2 knf0g not a unit root, let ! 1 ; : : :; ! s be all the nite places of k for which j j !j > 1. Write P(k)nP 1 (k) = f! 1 ; : : :; ! s ; 1 ; 2 ; : : :g;
and de ne a map ! k from the subsets of P(k)nP 1 (k) containing f! 1 ; : : :; ! s g to f0; 1g N by ! k (S)(n) = 1 if and only if n 2 S. The ( ; 1 ? ){independent measure on f0; 1g N with 2 (0; 1) de nes via the bijection ! k a probability measure k = k; on the set (k) = fS j f! 1 ; : : :; ! s g S P(k)nP 1 (k)g:
Let U : f0; 1g N ! f0; 1g N be the add{and{carry odometer (or von{Neumann Kakutani adding machine), and let V : (k) ! (k) be de ned by V (S) =
Then V is a 1=2 k {preserving, invertible, ergodic transformation on (k), called the odometer. We shall often be dealing only with the symmetrical measure with = 1 2 , so write k = 1=2 k . The phrase \almost every" unadorned will be used for the = 1 2 measure only. The periodic point behaviour for a given is expected to behave as follows.
Conjecture. Given not a unit root in the A { eld k, for k {almost every S in (k), lim sup n!1 1 n log f n (k;S; ) = h top (k;S; ) > 0; lim inf n!1 1 n logf n (k;S; ) = 0; and the dynamical zeta function is irrational.
The atomic measures given by 2 f0; 1g give the two extremes with exceptional behaviour. For = 0, S = P(k)nP 1 (k) and f n ( (S) ) = 1 for all n. For = 1, S = ; and the upper and lower limits are both equal to the entropy by Lemma 5.
Our purpose here is to prove some weaker versions and special cases of this conjecture, and to indicate a connection between the conjecture and a weak generalised version of the Mersenne prime problem. Theorem 1. Let k be an A { eld, and assume that 2 knf0g is not a unit root. Then for k {almost every S 2 (k), the radius of convergence of the dynamical zeta function of (k;S; ) is no larger than exp(? 1 2 h top ( (k;S; ) )) < 1.
The detail of the proof of Theorem 1 depends on the characteristic of k: when k is an algebraic number eld we call the corresponding systems arithmetic, when k is a rational function eld we call them geometric. Some basic estimates from 3] are needed: for completeness these are reproduced in an appendix. The strategy of the proof of Theorem 1 is as follows. First we assume that lim supf 1=n n = 0 k {a.e. A simple argument using the Artin product formula shows that this leads to a contradiction. It follows that the set E of those S for which lim supf 1=n n is positive has positive measure. On the other hand, the odometer transformation on (k) is k {preserving and ergodic, and preserves E. The conclusion is that E is of full k {measure.
A subset S P(k)nP 1 The geometric case is proved in the same way. For integers the order of quanti ers may be reversed: if is an integer in the A { eld k, then (k) = (k) = P(k)nP 1 (k), so we may intersect over the sets in Corollary 1 for all integers.
Corollary 2. For almost every subset S of the set of rational primes, and for every integer a 6 = there that with positive Q {probability the radius of convergence is smaller than one, and that if there is a K for which there are in nitely many values of n for which 2 n ? 1 has no more than K prime factors then with Q {probability one the radius of convergence is exactly 1 2 . This result is generalised in Theorem 4 below. In particular, if there are in nitely many Mersenne primes (K = 1) then the radius of convergence is 1 2 . It is also shown in 12] that the zeta function is almost surely irrational.
(ii) There are many sets S for which the radius of convergence is one: according to Example 9.5 of 3], if k is an algebraic number eld and S comprises all but nitely many places, then the radius of convergence is one. The simplest instance of this is the case S = P(k)nP 1 (k): by the Artin product formula (1) shows that f n ( ) = 1 for all n. (iii) Is there a syndetic set S (that is, a set for which 1 0 s appear in ! k (S) with bounded gaps) with (3)?
The natural geometric analogue of the simplest arithmetic case k = Q; = 2 is the family of isometric extensions of the full p{shift given by k = F p (t); = t. In this setting the Mersenne prime problem becomes the following: is the polynomial 1 + t + t 2 + + t n irreducible over F p in nitely often? A consequence of Heath{ Brown's work on the Artin conjecture is that this is almost solved, and using his work we show that the natural conjectures can all be proved for this one geometric example. The argument immediately extends to the family of isometric extensions of the linear cellular automata given by k = F p (t), = at + b (a 2 F p nf0g). Theorem 3. Let k = F p (t), = at + b (a 2 F p nf0g), and (S) = (k;S; ) . Then, excepting at most two primes p, for k {almost every S 2 (k), and the dynamical zeta function of (S) is irrational.
Corollary 3. One of the S{integer systems given by = t, k = F 2 (t), F 3 (t), or F 5 (t) satis es the conjecture.
The arithmetic case seems less accessible: Theorem 9.3 in 3] shows that for at least one of the systems given by k = Q, = 2; 3 or 5, there is an in nite set S for which lim sup n!1 1 n log(f n ( (S) )) = h top ( (S) ). Thus the lim sup part of the conjecture holds for an uncountable (but k {null) set of S.
The rst two parts of the basic conjecture would follow from the solution to a generalization of the Mersenne prime problem. There does not however seem to be any particular reason to expect such a statement to be true: see 11] for a survey of related questions for the case k = Q, = 2. Theorem 4. If, for any A { eld k and 2 knf0g not a unit root, the set P n = f 2 P(k) j j n ? 1j 6 = 1g is bounded in cardinality for in nitely many n, then for k {almost every S 2 (k), lim sup n!1 1 n logf n (k;S; ) = h top (k;S; ) > 0 and lim inf n!1 1 n logf n (k;S; ) = 0: Finally, we describe explicitly the structure of any S{integer dynamical system as an isometric extension of a (quasi{)hyperbolic base system. Non{hyperbolicity in the base can only occur in the in nite places.
Recall from 7] that an ergodic toral endomorphism is called quasihyperbolic if the corresponding integer matrix has an eigenvalue with unit modulus, and from 13] that for each non{Archimedean place of an A { eld the corresponding completion k has a maximalcompact subring r = fx 2 k j jxj 1g. For consistency, we call an S{integer system hyperbolic if it is expansive (this accords with hyperbolicity meaning that the \eigenvalues" are not of unit modulus) and quasihyperbolic if the only unit modulus eigenvalues appear in the in nite places.
Theorem 5. For any k; S; ( not a unit root), let H = f 2 P(k) j j j 6 = 1g \ S:
Then (k;S; ) is an isometric extension of (k;H; ) . The action on the bre above the identity is isometric to the map dual to multiplication by on Q 2SnH r , and this map is an isometry. For each 2 H P 1 (k), the map x 7 ! x on the eld k is hyperbolic unless is in nite, in which case the map may be quasihyperbolic.
I thank Sanju Velani for asking if the set E is invariant under an ergodic transformation,
Graham Everest for various lessons in arithmetic, and Klaus Schmidt for pointing out that the lower bound exp(? 1 2 htop) follows from these methods, and for Remark 2(i).
Proof of Theorem 1
Let P = f2; 3; 5; 7;: ::g denote the rational primes. Lemma 1. For any A { eld k, and for not a unit root in k, the set E = fS j lim sup n!1;n2P 1 n logf n (k;S; ) > 0g has positive k {measure.
Proof. Let S = S P 1 (k), and assume that E has zero measure. Then by (1) we have for a.e. S lim
By Lemma 5, we know that lim n!1;n2P 1 n log Y 2 S;j j 6 =1 j n ? 1j = h = h top (k;S; ) > 0:
It follows from (6), (7) and the Artin product formula that for a.e. S, The map S ! S 0 induces (by restriction to the nite places) a k {preserving involution on (k), so (9) contradicts (6). We conclude that k fS j lim sup n!1;n2P 1 n logf n (k;S; ) > 0g > 0:
Notice that E does not contain any set S with ! k (S)(n) = 1 for all n. So without loss of generality, any set S 2 E may be written S = f n(1) ; n(2) ; n(3) ; : : :g; with n(1) < n(2) < n(3) < : : : and n(j) = j only nitely often: for j = 1; : : :; r say. Then 
Assume rst that n(1) = By the basic estimates in the Appendix (Lemma 6 and Lemma 7), we see that the last two terms above converge along P to zero, so the left hand side converges along P to h 0 > 0 by (10) Indeed, V preserves the value of the upper limit, so it is almost everywhere constant. If lim sup n!1;n2P 1 n logf n (k;S; ) < 1 2 h; then by (7) and (8) Lemma 3. In any positive k {measure subset of (k) there are elements S 0 , S 1 for which (S0) and (S1) have distinct dynamical zeta functions.
Proof. Let C (k) have k (C) > 0. Since the number of above each p is globally bounded by d = k : Q], the independent sets A p = fS j 9 exactly one 2 S; jpg all have k (A p ) 2 (d d ; 1]. It follows that k (fS j 9 P 0 in nite such that; 8 p 2 P 0 9 exactly one 2 S; jp g) = 1
by Borel{Cantelli. It follows that in C we may nd S 0 with the property that P 0 = fp 2 P j 9 one 2 S 0 ; jpg is in nite. Then by Borel{Cantelli, the set fS 2 (k) j 8 p 2 P 0 ; 9 2 S; jpg is a null set. So there is a set S 1 2 C, and in nitely many primes p for which there is exactly one place 2 S 0 with jp but there is no place 2 S 1 with jp. Pick any one of these primes and consider the distinguished place jp of k for which 2 S 0 and = 2 S 1 . If j j > 1 then since 2 R S0 \ R S1 we have 2 S 0 \ S 1 , which is impossible by construction. If j j < 1 then j n ? 1j = 1 for all n 1. This means that the p{part of the periodic point data for the two systems is identical. In this case, move to the next prime p in the in nite set constructed above. Since f j j j < 1g is nite for any 2 knf0g, this process must terminate with a for which j j 1. If j j = 1, then choose a prime element 2 k and write = a 0 + a 1 + a 2 2 + : : :
where each a j 2 F q , the residue class eld of k . Since F q is cyclic, it follows that (p?1) = 1 + , with j j < 1. It is clear that j n ?1j is some (rational) power of p, so in either case the prime decomposition of f n shows that the zeta functions are distinct. Theorem 2 follows. proving the rst statement in Theorem 3. Now consider the dynamical zeta function of (S) .
then there is a pair c; d of integers with no common factor with the property that the set fg 2 F p t] j g divides t cn+d ? 1 for some n 2 Ng is nite and, for in nitely many n, the polynomial c cn+d (t) is irreducible. The conclusion of Lemma 4 is clearly absurd, so the third statement in Theorem 3 follows.
Proof. By the argument used for the lim inf above, we know that, k {almost surely, there is an in nite sequence q j of primes with the property that f sj ( (S) ) = p or 1 for all j. It follows that, with positive k {probability, the zeta function is rational and there is an in nite sequence of primes s j for which f sj ( (S) ) = A for all j, where A is one of p or For the general case = at+b, the same proof works since c q (at+b) is irreducible if and only if c q (t) is irreducible. This completes the proof of Theorem 3.
Proof of Theorem 4
Fix k and , and let n j ! 1 be a sequence with the property that jP nj j = L for j = 1; 2; : : :. Choose, if possible, a subsequence m 1 = n j(1) ; m 2 = n j(2) ; : : : with the property that P mk n `<k P m`6 = ; (13) for all k. If this is not possible, then 
by Lemma 5. It follows by Remark 2(i) that (14) holds for k {almost every S. Similarly, with positive k {probability the set S contains all the P nj , so on a set of positive k {measure f nj ( ) = 1, and hence lim inf n!1 1 n log f n (k;S; ) = 0 and the lower limit is 0 almost everywhere by Remark 2(i) again.
So we may assume (13) . Let S 0 = f 2 P(k) j 2 P mk in nitely ofteng; by (13) , jS 0 j < L. Notice that f n ? (k;S; ) = I(n) J(n) since for these S, S \ S 0 = ;.
By Lemma 5, lim n!1 1 n log I(n) = h top (k;S; ) : On the other hand, along the sequence t(j), we have J(t(j)) = 1 since the set S 0 has been removed. It follows that lim j!1 1 t(j) log f t(j) (k;S; ) = h top (k;S; ) for all S in a set of measure at least L . By Remark 2(i) this implies that the upper limit is h top ? (k;S; ) and the lower limit is 0 k {almost everywhere. If H P 1 (k) f 2 P(k) j j j 6 = 1g, then by Corollary 4.2 of 3] the map (H) is hyperbolic (notice that j j ! for all ! above a given place 0 is determined by the value of j j for any one place above 0 except for the in nite places of an algebraic number eld). If H P 1 (k) 6 f 2 P(k) j j j 6 = 1g then there must be an in nite place for which j j = 1, and then (H) is quasihyperbolic. 2+t , and S = f1 + t; 2 + t; 1 + t 2 g. Then H = f1 + t; 2 + tg;
and (H) is quasihyperbolic because of the in nite place where 1 + t 2 + t t ?1 = 1:
The bre action is given by the isometry x 7 ! 1+t 2+t x on the compact ring r (1+t 2 ) F 3 (t) (1+t 2 ) . 7. Appendix There are three basic estimates used above. These may be extracted from proofs in 3]; we brie y prove them again here for completeness.
Lemma 5. Let k be any A { eld, not a unit root, and S any set of nite places for which 2 R S nf0g. Then Assume therefore that is a nite place lying above the place p of Q with j j = 1 and with j n ? 1j < 1. Let be the usual completion of the algebraic closure of Q under ; the {adic logarithm is de ned by log (1 + x) = P 1 i=1 (?1) i+1 x i =i, convergent for all x with jxj < 1. Then log ( n ) = ( n ? 1) ? ( n ? 1) 2 2 + ( n ? 1) 3 3 ? : : : and so j log ( n )j j n ? 1j . Since we always have for some constant c c n jn log ( )j = j log ( n )j ; this shows that c n j n ? 1j 1
for all n.
Since the set T is nite, (18) 
